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ON THE REGULARITY OF THE FLOW MAP ASSOCIATED WITH THE ID 
CUBIC PERIODIC HALF-WAVE EQUATION 

VLADIMIR GEORGIEV, NIKOLAY TZVETKOV, AND NICOLA VISCIGLIA 


Abstract. We prove that the solution map associated with the ID half-wave cubic equation 
in the periodic setting cannot be uniformly continuous on bounded sets of the periodic Sobolev 
spaces H 3 with s € (1/4,1/2). 


1. Introduction 


Along this paper we shall consider the Cauchy problem associated with the defocusing cubic 
half-wave equation in the periodic setting: 


(i d t — | D x \)u = \u\ 2 u, (t,x) elx K/(27 tZ) 

u( 0, x) = f(x ) £ H s 


where H s denote the usual 27r-periodic Sobolev spaces. We are interested in the regularity (local 
in time) of the solution map associated with the Cauchy problem above. 

We recall first the classical notion of local well-posedness in the Hadamard sense. We say that 
the problem (ED is well-posed in H s if for every R > 0 there is T > 0 such that for every / £ H s , 
ll/llffo < R there is a unique (in a suitable framework) solution u(t,x ) £ C([0,T];H s ) of (11.111 so 
that the solution map 


(1.2) B S (R)3 f^u(t,x)eC([0,T};H s ) 

is continuous, where B S (R) denotes the ball of radius R centered at the origin of H s . This notion 
can be naturally extended to define well-posedness in subsets of H s or other functional settings. 

Via standard energy estimates, in conjunction with the Sobolev embedding H s C L°° for s > 
1/2, it is easy to show that the Cauchy problem (11.111 is locally well-posed in H s with s > 1/2. 
Moreover the solution map ED is Lipschitz continuous on bounded sets of H s . By an adaptation 
of a classical argument of Brezis-Gallouet [5] one can show (see [131 Proposition 1]) that the 
Cauchy problem ED is globally well-posed in the space R 1 / 2 (this space is related to the energy 
conservation law), and the corresponding solution map (11.211 is continuous in H 1 ^ 2 . 

The aim of this paper is to treat the case of initial data in H s with s < 1/2. We prove an ”ill- 
posedness” result, in the sense that the corresponding solution map associated with ED cannot 
be uniformly continuous on bounded sets with respect to the H s topology for s G (1/4,1/2). More 
precisely our main result is the following. 
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Theorem 1. For any s £ (1/4,1/2) one can find two sequences of initial conditions fmfn £ 
C 00 (T) such that f n and f n are uniformly bounded in H s and 

I™ || fn - fn\\H‘ = 0, 
n—>oo 

but the corresponding solutions u n {t, x) and u n (t, x) of (11.11) with data f n and f n respectively satisfy 

VT> 0, liminf ||u„ - Unllzwro t]-h s ) > °- 

As a consequence of Theorem El we deduce that the Cauchy problem (II.ip cannot be well-posed 
in H s for s £ (1/4,1/2), with a solution map which is uniformly continuous on bounded sets in 
H s (in contrast with the case s > 1/2). We believe that the restriction s > 1/4 in Theorem [Q 
is technical, and could be removed. Similar arguments can be applied for the focusing case, in 
this case the solutions u n and u n are only defined on short time intervals but still long enough 
to observe the instability phenomenon displayed by Theorem [TJ For further results about the 
existence of minimal mass blow-up solutions in the focusing case we refer to |21l . 

It is worth noticing that the cubic half-wave equation is rescaling invariant, and the correspond¬ 
ing critical space is L 2 . Hence there is a gap of 1/2 derivative between the regularity expected by 
the scaling argument and the H s regularity needed to guarantee uniform continuity of the flow. 

For previous results in the spirit of Theorem [T] we refer to [2] [3] 01 [BJ 0 0 HD HS US 217. EJ. 
For results where one contradicts the continuity of the flow map, we refer to [2 IS HS 123 HI HI] • 

We underline that our result gives only a partial progress on the question of the well-posedness 
in Hadamard sense of ED in H s with s G (0,1/2). In fact, it is unclear whether or not the Cauchy 
problem ED is well-posed with (only) a continuous solution map for s £ (0,1/2). 

Our approach to prove Theorem HI is based on the observation that for short times one may 
approximate the solutions of ED with the solution of the so called Szego equation introduced in 
[12j . Thanks to |12j . we know that the Szego equation has solutions displaying the phenomenon 
described by Theorem 0 and the time of the validity of the approximations between (11.11) and 
these solutions of the Szego equation is just enough to be able to transfer the property of the 
Szego equation to ED- Our argument here is close to the ill-posedness results obtained in [3 
ED- However in [3 ED one gets approximations at time scales imposed by the scaling of the 
corresponding equation. The main novelty in the analysis we present here is that we are able to 
go beyond the times imposed by the scaling thanks to a smoothing property of the problem 

(1-3) (ift-l D x \)u = F(t), 

where F(t) oscillates on very particular time frequencies (see Lemma 14.21 belowh This type of 
smoothing property is a general feature not restricted to the particular structure of (11.31) . We 
hope therefore that such an argument may be useful in other contexts. 

It is observed in m that the Szego equation is the resonant part of the half-wave equation ED). 
This observation is of importance for long time questions concerning ED, it is however not clear 
to us how to exploit it in the context of high frequency short time problems as the one treated in 
Theorem [D 

The remaining part of the paper is devoted to the proof of Theorem El 

2. Special solutions to the Szego equation 

First of all we introduce the Cauchy problem associated with the Szego equation in the periodic 
setting: 


( 2 . 1 ) 


id t V(t,x) = F> 0 (V(f, x)\V(t, rc)| 2 ), (t, x) £ I x 1R/(27 tZ) 

u( 0, x) = f(x) £ H s 
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where P >o is the projection operator on positive frequencies: 

OO 

(2.2) P>o ( E f(k)e ik *) = £ J(k)e lkx . 

fcEZ k =0 

Next we recall an explicit family of solutions V(t,x) to Szego equation (12.11) introduced in [12] : 

(2.3) V{t,x) = e~ itul ip a ^ p (e~ lct e ix ), 


where the function <p a ,p(z) is given by 
(2.4) 


<Pa,p(z) = 


1 — pz 

for ael,a/0,p£ (0,1) and z £ C, \z\ = 1, and 
(2.5) 


OJ = 


(l-p 2 )2> 


1 — p 


2 ' 


By using this family of solutions it is possible to show that the solution map associated with m 
cannot be uniformly continuous in the space H s for 0 < s < 1/2. 

More precisely let s £ (0,1/2) be fixed. Then for any given e G (0,1) we fix the parameters 


( 2 . 6 ) 

and 

(2.7) 


P = p(e) = y/l-e, 


ai = ai (e) = e s+1/2 , a 2 = a 2 {e) = e s+1 / 2 (l + (5(e)), 


where 8(e) = \ loge| 1 / 4 . We can construct now two families of solutions to the Szego equation as 
follows: 


( 2 . 8 ) 


VP(t,x) = e- Uu *' Paj , p (e- ic * t er), j = 1 , 2 , 


where uij = cjj(e) and Cj = Cj(e) for j = 1,2 are given by dm For these solutions we can apply 
the argument of m Section 5] and one can show the following estimates. 


lim||vW(0,-) —V e (2) (0,-)Hh. =0 
£\,0 


Proposition 2.1. Let 0 < s < 1/2. Then there exist £q > 0 and D > 0, such that 

(2.9) 

and for any e £ (0, eo] 

(2.10) \\V^(t e ,-)-V/ 2 \t e ,-)\\ H s>D>0 
for t e = e 1_2s | log(e)! 1 / 2 . 

Proof. We have the relations 


V«(V) _ = \\<p aj , P (e- iCjt e ix )\\ H s ~ 1 ,3 = 1,2, 


H s 


as £ \ 0 (more detailed analysis of these kind of Sobolev norms of can be found in Lemma [4.31 
below) and in a similar way representing 

V/ 1} (0,x) - V e (2) (0,x) = <p ai - a2iP (e lx ), 


SO 


V e (1) (0,-)-V e (2) (0,-) ~ 8(e) = |log£r 1/4 , j = 1,2. 

H s 
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Further, we have (12.811 so for any t > 0 we have 


(2.11) <v«(v),vi 2 )(v)}^ = £(i + |fc| 2 yvP{t,k)vj?\t,k) 


e 2s+1 | 5^(1 + |fc| 2 ) s e- i(ci -° 2) ‘(l - e) fc | ~ ( |c ) 


l+2s 


To this end we use the relation (j2.5|) and we find 

|Cl - c 2 | ~ e 2s |loge| _1/4 

so taking 

t = t e =e 1 " 2s |log £ | 1/2 , 

via the property 

7 - ^—rr ~ I loge|“ 1/4 = 8(e) -+ 0, 

|ci - c 2 \t e 

we obtain the relation 

\\VP(t er )-VP(t e ,W HS = \\VP(t e ,-)\\% s +\\VP(t er )\\j IS +o(l)^2 + o(^ 
so we get (12.101) . This completes the proof. □ 

The solutions vj*'* (t, x) will play a crucial role along the proof of Theorem[T| The Szego equation 
has a remarkably deep structure, see m m mi na no usa eu ■ These aspects of the Szego equation 
are however not of importance for our analysis. 

3. A REDUCTION OF THE PROBLEM 
First notice that if V(t, x ) solves (12.111 then v(t, x) = V(t, x — t) solves 

U(d t + d x )v = P> 0 (v\v\ 2 ), (t,x) elx M/(271rZ) 

|u(0,x) = f(x) G H s . 

In particular we get 

U(d t + d x )vi j) = p> 0 (#|#| 2 ) 

|i)(o,i) = v((o,i)eJJ s , 

where v^ (t , x) = (t, x—t) and V<P^ (t,x), j = 1,2 are the solutions constructed in the Section^ 

More precisely we have 

0 —i tuij 

1 _ pgi(x-t(l+Cj)) ’ 2 — 

where p(e),aj(e) are given by (12.61) . (12.71) and Cj(e),uij(e), are obtained via (12.51) . It is important 
to keep in mind that in the construction of (t, x) (and hence of (t, x)) we have the following 
asymptotic of the parameters: 

p(e) = y/l — £ and aj(e) = £ s+1 ^ 2 + o( £ s+1 ^ 2 ), j = 1,2. 

We can conclude the proof of Theorem [T] provided that we can show that the solutions u^\t, x) 
to the Cauchy problems dD such that: 

u^(0,x) = V|(0, x) 


v<j»(t,x) = aje ’ 


hm sup - uW(t,-)||^ = 0, t e = e 1 2s |log(£)| 1/2 . 

e ^° te[o,t c ] 


satisfy 
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Hence Theorem |T| follows from the following proposition. 

Proposition 3.1. Given any s £ (1/4,1/2) one can find £o > 0 so that for any e £ (0,£o) there 
exists a solution 

u E (t,x) £ C([0,t £ ];H s ), t e = e 1-2s |log (£)| 1/2 
to Ob satisfying the following conditions: 
a) u e (0,x) = “ elx where 


a = a F = < 


£ s+ i/ 2 + o ^£ s+1/2 j , p = p e = Vl - e; 
b) su Pte[o,t e ] II u s (t, •) - v e (t, *)||if s < £ (4s_1)/4 , where 

and io e , c e are related to a E , p e as in m - 

4. Smoothing effect and a-priori estimates for v E (t,x). 

Our aim in this section is to estimate the L°° and H a norms of v E {t, x) as well as the H a norm 
of the action of the Duhamel operator associated with e lt l' Dx l on the expression 

p< o kkl 2 ), 

where P<o is the projection in the negative frequencies and v E (t, x) are given in Proposition 13.11 
The results of this section will be crucial along the proof of Proposition 13.II in section [5] 

Our first step is to get in an explicit expression for p< o kkl 2 )- 
Lemma 4.1. Let A £ C and V £ C satisfy 


(4.1) 
and 

(4.2) 

Then we have 

(4.3) 

Proof. gFrom 


\A\=a> 0, \P\=p£ (0,1), 




Kk—0 


OO A 2 

p< o (^m 2 ) = E - J V ih 


k =1 


we have 


(i-P 2 ) 2 


V 2; — V' | z=e lx 


where F(z ) = Ep-V is analytic in a small neighborhood of the disc {|,z| < 1}. 
By the identity 

F{z) _ F{z) - F (V) + F (V) 


z-V 


and by noticing that the function H(z) = 


z-V 

F(z)-Ffv) . 


z-V 


z-V 


is analytic in a small neighborhood of the 


disc {|z| < 1} (and in particular P <0 ( H{e lx )) = 0) we get 


V 


<o 


/ F{e lx ) 
\e ix —V 


= F(V) P <o 


gix _ -p 















6 


VLADIMIR GEORGIEV, NIKOLAY TZVETKOV, AND NICOLA VISCIGLIA 


We conclude since we have 


and 



F(V) = 


Aa 2 V 

FW 


= p. 


<0 


1 — Ve~ 


_ j) k e -'^ k + i ) x _ 

k—0 


□ 


The next result will be crucial in the sequel. 

Lemma 4.2. Let a £ [0,1) and s £ (0,1/2) satisfy one of the following conditions: 

a) a £ [0,1/2), s£ (0,1/2); 

b) a £ [1/2,1/(4s)), s £ (1/4,1/2). 

Then there exists Eg > 0 so that for any e £ (0,£o) we have: 

SUp || f\-^-^\P <0 (\v e {T,-)\ 2 V E ^.)) dr\\ Ha < £ (3 s-1/2)+^2s-1). 

te[o,i] Jo 

Proof. We have to estimate the H a norm of 


(4.4) 


4 0) (*»■)=/ U(t-T)F e (T,-)dT , 
Jo 


where U(t) = e and F e {t, •) = P<o (|u £ (t, -)| 2 )i; e (t, •)) , or equivalently the quantity ||w|°^(t, •) ||tt^ , 
where 

(4.5) W £ (0) (V) =U(-t)w(°\t,-) = f U(-T)F E {T,-)dT. 

Jo 

We quote Lemma ITT! so taking 

A = A e = a e e~ iUst and V = V e = p e e~ it{1+c °\ 

we hnd 

F e (t,x) = 

(i -pi) 

The following identity is trivial: 

U{-t) ( e ~ ikx ) = e iT|Ac| (e~ ikx ) = e iT ^e~ ikx = e iTk e~ ikx , Mk > 0, 

and hence 

CXD 

=^2w e (t,k)e~ ikx , 

where 

(4.6) 
and 


a ^ e ^p /c e ifc ( 1 + c e) t e ~ [kx 

Kk =1 / 


k=\ 


mt,k) = T — ^T2P k A{t,k,uj e ,c e ) 
A-Ve) 


ft \t(uj £ — k(2+c e )) _ 1 

A (t,k, Ue ,C E )= / e -ir(«.-fc(2H^)) dT = _ - . 

Jo i(w E - k(2 + c e )) 

We shall use the estimate 

(4J) |A(t, t.o... c.)l S 1+k _ 1 t(2 + e . )| , I". !]■ 
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together with the identity 1 — p 2 = e and the asymptotic expansions 

(4.8) a e = e s+1 / 2 + o (s s+1 / 2 ^ , u e =e 2s - 1 +o(e 2s - 1 ) 1 c £ = e 2s + o (e 2s ). 

Thus we can take t £ [0,1], er > 0 and we can derive the relations 

oo 2 oo ,2 (t/i \k 

iiwi 0 ) (t,oiiff- = E |w e (f, fc ) fc2,T ;$^ s_1 E -iii ’, _ El 


(4.9) 


Further, we can observe that 


k=i 


1 


fe=l 


; 2ct (1 - e) fe 

1 + | We — k{2 + c £ )| 2 


< 


1 


and therefore 

where 

(4.10) 


1 + |w e — k( 2 + c £ )| 2 2 + | uj e — k\ 2 2 + c £ 

1 < 1 


1 + |w £ — k{2 + c £ )| 2 ~ l + |TV e -fc| 2 ’ 


iV £ = 


w £ 


2 + c £ 


£ 2s - 1 +0(s 2s ~ 1 ) 


and [a] is the integer part of the real number a, i.e. [a] < a < [a] + 1. Next notice that for any 
integer TV > 1 we have 


(4.11) 


E 


k 2a (l — e) h 


< 


E 


TV 2 


f! l + |TV-fc| 2 ~^l + |TV-fcP 
On the other hand for 0 < 2er < 1 we have 

k 2a 


(4.12) 


E 


< 


E 


i 


1+ \N-k\ 2 ~ ^ k 2 ~ 2 ° 

k=10N 1 1 fc=10AT 


< N 2a . 


< N 2a . 


We conclude the proof in the case a) by combining (14.91) . (14.101) . (14.111) and (14.121) . 


In the case l/2<cr<lwe can use the Holder inequality 

oo . r ,~a / oo \ 1/P 


V' k 2a (l -e) k / y k 2(a-l)p 

^ l + |TV-£f - 1 ^ 


k—10N 


Kk=10N 


f oo \ 

E a-^j > 

\k=lON 




where 

(4.13) 

The convergence of the series 

is fulfilled if 

(4.14) 

The inequality 


1 < p < q < oo, —|— =1. 

P Q 


E * 2(c 


-i )p 


< oo 


k—lON 


2(cr — l)p < —1 ■<=> — <2(1 — a). 

P 




< 


k—10N 


k=0 


1 — (1 — sY ~ e 
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implies 


Summarizing, we get 


OO 


E 

k—10N 


k 2a (l-e) k 
l + \N-k\ 2 



(4.15) 


_°° l 2 ct/-i p \k 

53 * 


2 a 


k=10N 


+ |iv-fc| 2 


provided that 1/2 < a < 1 is such that there exist 1/p and 1/q that satisfy (14.131) and moreover 

(4.16) 


- < 2(1-ct), - < (1-2s)2ct. 
V Q 


The conditions are satisfied if 1/2 < a < l/(4s). We conclude the proof in the case b) by combining 
m, Brol) . gup and (I4T51) . 

□ 


We conclude this section with the estimate of the H a and L°° norms of v e (t,x). 

Lemma 4.3. For any s G (0, 4) , a G [0,1] we have the estimates: 

(4.17) sup |MV)||l- <e s_1/2 

*e [o,i] 

and 

(4.18) sup \\v e {t,-)\\ H ° <£ s ~ a - 

te[ o,i] 

Proof. We have 

OO 

v £ {t,x) = ^2v e (t,k)e lkx , 
k= 0 

where 

\v e {t,k)\<e' + V 2 (l-e) k ' 2 , Vt G [0,1]. 

The estimate (14.171) follows by the Minkowski inequality and the following estimate 

k> 0 

To prove (|4.18[) we have to show the estimate 

(4.19) J](l -e) k k 2lJ <e~ 2a -\ VctG[0,1], 

k>0 

Estimate (14.191) for er = 0 is straightforward. Next, we notice that 

Af2cr °° 

5^(1 - e) k k 2a < -+ (1 - e) N 53(! - e t( N + h ) 2a > V1V. 

k> 0 £ h=0 

In particular for cr = 1 we write, for IV > 1 to be chosen: 

7V 2 00 

53(1 - e) k k 2 < — + (1 - e) N 53(1 - e) h (N + h) 2 
k> 0 h— 0 

-p.j2 oo oo oo 

= — + (1 - e)* 53(1 - £) h N 2 + (1 - e) N 53(1 - £) h h 2 + 2(1 - e) N 53(1 - £) h hN 

h—0 h— 0 h= 0 
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and hence by elementary computations: 


k> 0 


By choosing N = [i] we deduce (|4.19l) for a = 1. The proof of (14.1911 for cr £ (0,1) follows by 
interpolation between a = 0 and a = 1. 

□ 


5. Proof of Proposition 13.II 

Given any e £ (0,1) we define the solution to the cubic Szego equation v = v E by 

ae~ IUJt 

V e (t,x) — 2_pgi (x-t(l+c)) ’ 
where the parameters are chosen as follows 

a = e s+1//2 + o ^e s+1 / 2 ^ , p = \/l — £ 

and uj, c are determined as in (12.51) . Then we look for solutions to (ED as a perturbation of v E (t, x): 

u e (t , x) = v e (t, x) + w E (t, x), 

so that w(t,x) = w e (t,x) has to be a solution to the equation 

(5.1) (i d t - | D x \)w = (|t) + w\ 2 (v + w) - P> 0 (M 2 )u) 
with zero initial data. Turning back to (E3D, we can rewrite it as follows 

(5.2) (id t - | D x \)w = (w + v e ) 2 (w + v e ) - v 2 vf + P <0 (v 2 v,7). 

It is important to classify all term in the right sides of (15.21) . We have linear combinations of the 
following terms: 

a) Term w 2 w cubic in w. 

b) Terms w 2 v^ and wwv E quadratic in w. 

c) Terms wv E v E and wv 2 linear in w. 

d) Term of type P <0 {v e v e v,Z) = P<o(v e K| 2 ). 

Lemma 5.1. For every cr > 1/2, s £ (1/4,1/2) and for every t £ [0,1] we have 

(5.3) \\w(t)v e {t)v^(t)\\ H - + l|W(i)(-L> e (t)) 2 ||TT- 

<£ 2(s - 1/2) ||w;(t)||H. +£ 2s - CT - 1/2 ||u;(t)||^ 1/(2CT) ||w;(t)||^ / i 2<T) 

and also 

(5.4) \\w(t)v £ (t)v^(t )\\ L 2 + \\w(t)(v e (t )) 2 \\ L 2 

< £ 2s - 1 ||^(i)|U 2 +£ 2s - 1/2 ||^(t)||^ 1/(2CT) ||^(i)ll^ / i 2CT) - 

Proof. By the Minkowski inequality and the well-known estimate 

(5-5) ll/5ll^<ll/lkHlffll^ + ||5||^|l/lk« 

we get 

\\w{t)v e (t)v;{t)\\H- + \\w(t)(v E (t)) 2 \\ H - < \\v E \\U\w(t)\\„. + |M|L“|K||iHM0IU“> . 

S, " ✓ V ✓ 

I II 
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For the first term we use the estimate (14.171) and deduce 

/<e 2(s - 1/2 )|Kt)||^. 

To estimate II we need the interpolation inequality 

(5.6) 

where a > 1/2. We obtain 

II < £ s - 1/2 £ s - a \\w{t)\\[ 2 
where we used (14.171) and (14.181) . We also have 

\\w(t)v e (t)v^(t )\\ L 2 + ||H;(t)(i; £ (t)) 2 || i 2 < ||u £ ||!~ + |M|l~ |MMH*)IU° 


L- £ ll/llh I/<2 ”ll/lli, / i 2 " ) . 


|1 - 1/ < 2 ’>||«,(()||« 2 ">, 


IV 


Arguing as above we get 
and 


I'Ze^Wwmv 


II'<e^-V*\\w{t)\\ L ~, <s 2s - 1 ||^)||^ 1/(2<T) || 


1_ !/(2cr) II II1/(2cr 


w{ 


I H a 


□ 


Lemma 5.2. For any a > 1/2, s G (1/4,1/2) and for every t G [0,1] we have 

(5.7) ||(w(t)) 2 ii7(t)||^ + \\w(t)w(t)v e (t)\\ H '’ 

~ e^- 1 ' /2 )||w(i)||]/t 1/(2CT) ||^(i)Hi2 1/(2<T) + e s_a ||^WIIij^ 11^(0 llz,2 1//<T 

and also 

(5.8) ||(w(t)) 2 iJ7(t)||L2 + ||2w(t)uJ(t)u £ (t)|| L 2 

< e s_1/2 ||u;(t)|| 2 2 1/(2<T) ||w(t)||^ / i 2<T) + e’|Kt)||i7 1/<T |Kt)||^. 
Proof. By the Minkowski inequality and (15.51) we get 

||(w(t)) 2 ^(t)|| ff a + \\w(t)w(t)v e (t)\\ H ° < ||u e (i)||L=°IHi)||i'»IHi)IU‘' + ll«s(i)lk-lk(t)||lo 0 

"-v-' "-V- 2 

i il 

For the first term we use the estimate (|4.17|) together with the estimate (|5.6|) and deduce 

/< £ (s - 1/2) ii-wii^ 1/(2CT) ik W iiii 1/(2ff) . 

We also get 

n<e s -°\\wm#\\wm 2 F /a , 

where we used (14.181) and we conclude the first estimate of the lemma. We also have 

||(w(f)) 2 tJ 7 (t)||L 2 + \\w(t)w(t)v £ {t )\\ L 2 < ||v e (i)||L“||w(i)||i~||w(t )|| z ,2 + \\v £ (t)\\ L 2 \\w(t)\\ 2 Laa , 

r iv 

and arguing as above we get 

/ , < £ s ~ 1/2 ||n;(t)||^ 2CT) || W (t)|| 2 7 1/(2CT) , II' < £ s \\w{t)\\ 2 ~ 2 1/a \\w{t)\\ 1 ^. 


□ 
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Lemma 5.3. For any a > 1/2 and for every t £ [0,1] we have 

(5.9) ||(«;(t)) 2 ui(t)||^ < 

and also 

(5.10) ||(w(f)) 2 w(t )|| i 2 < \\w{t)f~^ /a \\w{t)\\ 1 ^. 

Proof. By (15.51) we get 

ii( W (t))Vt)ii ff . < \\wmi„\\wm H « < \\w{t)\\ 2 - i/o \\w{t)\\ i +} /a , 

where we used m at the last step. We also have 

||(w(t)) 2 uJ(t)|| L 2 < ||w(t)|||=o||w(t)|| L 2 < \\w(t)\\ 3 ~ 2 1/a \\w(t)\\)j°. 

□ 


In order to conclude the proof of Proposition 13.11 we need the following Gronwall type lemma. 


Lemma 5.4. Let F : [0, oo) —> [0, oo) be a continuous function satisfying 

(5.11) F(u) < Cu, Vzt £ [0,1] 

and let g e if) be a family of continuous and non-negative functions satisfying 

(5.12) 9 e{t)<e e + f F(g e (s))-, 

Jo £ 

with 6 > 0. Then there exists e 0 > 0 so that we have the inequality 

(5.13) 9 e ( t )<£ e/2 Vi e [0,er| loge| 1/2 ], VeG(0,£ O ). 


Remark 5.5. A similar analysis has been done in mm, where one can find a version of Lemma l5.4l 
with the assumption 


(5.14) 


d'e(t) + 


F(de(t)) 

£ 


in the place of (15.121) . In this case the assumption 9 > 0 in Lemma [53] is transformed into 9 > — 1. 
It is not important that the first term in the right hand-side of (15.141) is small, the important point 
is that it is smaller than the amplification factor e^ 1 coming from the other terms in the right 
hand-side of (15.121) (see [SI '27 for more details). 


Proof of Lemma \5Jj\ We can introduce the rescaled functions y E (t) = £ e ^ 2 g E (£t), and we can 
deduce that the assumption (15.121) is equivalent to 


(5.15) y e (t) < C(e 9/2 + e 9/2 [ F(£ 9/2 y e (s))ds), Vf G [0, | loge| 1/2 ]. 

Jo 

It is not difficult to see that y E ( 0) < Ce 9 ^ 2 < 1 for £ small enough and hence y e (t) < 1 for t close 
to 0. The inequality (15.131) will be established, if we can show that the graph of the function y e (t) 
does not intersect the line y = 1 for t £ [0, | log el 1 / 2 ]. Hence it remains to show that 

(5.16) Veit) < 1 Vf G [0, |loge| 1/2 ]. 

Indeed, if this is not true let ti G (0, | log el 1 / 2 ) be the first point, where the graph of the function 
y e (t) intersects the line y = 1, i.e. 

(5.17) ffe(ti) = l, ife(t)<l, Vf G [0, ti). 
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Then e e /' 2 y E (s) < 1 for s G [0,ti] so (15.1111 and (15.151) imply 

y E {t) < Ce 9 / 2 + C 2 s~ e ^ 2 f £ 6 / 2 y e (s)ds < Ce 9 / 2 + C 2 ( y e {s)ds VtG [0,ti]. 

Jo Jo 

Applying the classical Gronwall inequality in [0, ti], we get 

y e (t) < Ce e,2 e c2t Vf G [0,ti] 

and hence 

log 2 /e (^i) < logC + + C 2 \\oge\ 1 / 2 < 0 

as £ is sufficiently small. This is in contradiction with (15.171) . The contradiction shows that (15.16|) 
holds and this completes the proof. 

□ 


We can now conclude the proof of Proposition 13.11 We introduce the functions 

h E (t) = £ _s ||w(t)|| i 2 + £ a ~ s \\w(t)\\ H - 

where er > 1/2 is any number that will be chosen properly at the end of the proof. Then, thanks 
to the analysis performed in the beginning of this section and the previous one, 

h E (t) < £( 2s_1 / 2 1 + e 2s ~ 1 f h E (s)ds + £ 2s ~ 1 f (h e (s)) 2 ds + £ 2s ~ 1 f (h e (s)) 3 ds. 

Jo Jo Jo 

By Lemma T5.41 we get 


h E (t) < £ s ~ 1/a , Vt G (0, £ 1—2s | log£| 1/2 ) 

and hence 

IKi,-)||^ <e 2s - 1/4 ,|KL-)ll^ <£ 2s - ct - 1/4 , Vt G (0, epilog El 1 / 2 ). 
We finally can write 

IKV)lk* < IK*r)lli* < £ s_1/4 

and we conclude the proof. 
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